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1. Introduction

With recent developments in digital projection, imaging and 
processing hardware, optical three-dimensional (3D) surface 
measurement techniques have evolved rapidly. In particular, 
real-time 3D measurements have been widely applied in 
but not limited to mechanical engineering, industrial moni-
toring, computer vision, virtual reality, biomedicine and other 
industrial applications, owing to the availability of low-cost, 

fast, noncontact, high-resolution structured light projection 
systems [1–3]. Since real-time 3D measurement techniques 
using fringe projection have been proposed, many techniques, 
including color-encoded projection techniques [4, 5], gray-
scale indexing [6–8], Fourier-transform profilometry [9–12], 
sequential projection techniques [13, 14] and hybrid methods 
[15–17], have found their way into practical applications.

In a typical fringe projection 3D measurement application, 
we calculate the phase values from the fringe images captured 
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Abstract
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in fringe projection profilometry, measurement accuracy can be improved by using denser 
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time 3D measurement of the thermally induced deformation of the sample under different 
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by the camera and obtain the matching relationship between 
multi-views based on phase matching algorithms [18–24]. In 
real-time measurement applications, we need to use as few 
fringe patterns as possible to reduce motion-induced measure-
ment errors [3, 25–27]. However, the correctness of the phase 
unwrapping will not be guaranteed when the fringe density is 
increased significantly. The fringe density can be increased 
by using Fourier fringe profilometry [2, 28], but for iso-
lated objects and the discontinuity surface, a temporal phase 
unwrapping process is still required [12]. To use a higher 
fringe density without adding the image number or using 
denser fringes based on fewer fringe images, scholars have 
proposed geometric-constraint-based methods to assist phase 
matching between different views [29, 30]. However, in these 
methods, one frequency fringe image is still unable to help 
further increase the fringe density. To accurately unwrap the 
phase of the fringe images with higher frequency, researchers 
have proposed embedding speckles or specially designed 
codewords into the fringe patterns in phase unwrapping free 
applications [29, 31]. However, the measurement speed is lim-
ited because of the complex correlation algorithm. Dual fre-
quency absolute phase retrieval methods are also widely used 
in fast 3D measurements [27, 32–36]. The commonly used 
phase unwrapping technique projects a coarse unit frequency 
image and uses the calculated phase to help unwrap the more 
accurate phase maps [27, 37]. However, the frequency still 
cannot be too high because the noise will cause phase order 
deviations. Dual frequency methods based on reference plane 
[32] and geometric constraints [38] have been proposed to 
retrieve the absolute phase from fringe images with a higher 
frequency. The phase of the fringe with a relatively lower fre-
quency is unwrapped first based on some spatial information. 
To reconstruct the absolute 3D data, the calibration of the pro-
jector is unavoidable, and involves a back projection calcul-
ation process, increasing the calibration complexity.

To take advantage of the geometric constraint technique 
for dual frequency phase unwrapping and avoid the compli-
cated procedure of projector calibration, we propose a phase 
matching method that divides the phase map of the fringes 
into four sub-areas. In each sub-area, the phase is unwrapped 
using the hierarchical temporal phase unwrapping approach 
[39] to ensure the high accuracy of the retrieved phase value. 
In order to determine the correct matching point from the can-
didates in different phase sub-areas, the geometric constraint 
and left-right consistency check techniques are used. Once the 
matching point is obtained, the accuracy of the resultant dis-
parity is enhanced to sub-pixel level by using inverse linear 
interpolation [40]. The main advantage of the proposed method 
is that we can achieve higher measurement precision by using 
the same number of fringe patterns as the traditional method, 
but without involving projector calibration. The effectiveness 
of the proposed method is verified by real-time 3D measure-
ment of the thermally induced shape deformation based on a 
microscopic telecentric stereo vision system, achieving a non-
ambiguous 3D measurement speed of 20 frames per second.

2. Methods for phase retrieval

2.1. Phase shifting algorithm

With recent developments in the area of digital display, digital 
projectors have been increasingly applied as projection units 
in active 3D measurement systems. Based on the amount of 
controllable phase shifting, the projected intensity with δn 
phase shifting can be easily accomplished. Correspondingly, 
the recorded fringe image with δn phase shifting can be 
expressed by

In(u, v) = I0(u, v){1 + α(u, v) cos[Φ(u, v) + δn]}, (1)

where (u, v) is the pixel coordinate of the camera, I0 is the 
average intensity, α is the fringe contrast, Φ is the phase dis-
tribution to be measured, and δn is the shifted reference phase 
(n = 1, ..., N ).

The intensities in equation (1) are as shown in figure 1. The 
phase step δn is strictly controlled, so that the phase distribu-
tion can be calculated independently over no less than three 
phase-shifted intensities, based on minimizing a criterion con-
cerning the difference between the ideal intensities and the 
captured intensities [41]. In particular, if δn is equally divided 
by an integer NS into the range of [0, 2π), we can apply the 
standard NS-step phase shifting algorithm [42] to calculate the 
phase. However, due to the periodicity of sinusoidal wave-
forms, we can only obtain the wrapped phase φ corresponding 
to Φ as [43]

φ = − arctan

[∑NS
n=1 In sin(δn)∑NS
n=1 In cos(δn)

]
. (2)

2.2. Phase unwrapping

The common idea of phase unwrapping algorithms is to 
unwrap the phase with the aid of one additional wrapped 
phase map with different fringe periods: λl and λh. Suppose 
the two wrapped phases φl and φh corresponding to the respec-
tive continuous phase maps Φl  and Φh are both retrieved from 
the phase shifting algorithm using equation (2) or other phase 
detection approaches [44, 45], the relation between (Φl , Φh) 
and (φl, φh) can be written as

Figure 1. Sketch map of the relation between the intensity and the 
shifted phase in a phase shifting process.
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{
Φl = φl + 2πkl

Φh = φh + 2πkh
, (3)

where kh and kl are the respective integer fringe orders. It has 
been proven that among the commonly used phase unwrap-
ping algorithms, hierarchical algorithms can achieve the best 
phase measurement accuracy (sensitivity) since they can 
achieve the largest unambiguous measurement range [39]. 
In the hierarchical algorithm, there is no phase unwrapping 
required for φl, that is Φl = φl. The fringe order kh for the 
higher frequency fringe can be obtained easily as [37]

kh = Round
[
(λl/λh)φl − φh

2π

]
. (4)

It is proved that the ‘2  +  1’ step phase shifting algorithm 
has the best frequency-to-frame ratio [46], which means 
we only need to use five fringe images in total to acquire 
the ‘unwrapped’ phase map. The fringe images with higher 
frequency are made up of three standard phase shifting pat-
terns— Ih1, Ih2 and Ih3—from which the phase retrieved is φh. 
The fringe patterns with a lower frequency are made up of two 
fringe images, which are the first two images from the stan-
dard three-step phase shifting patterns, Il1 and Il2. The third 
fringe image Il3 can be obtained by [47]

Il3 = Ih1 + Ih2 + Ih3 − Il1 − Il2 . (5)

Then both φl and φh are calculated using equation (2) and thus 
the absolute phase map Φh can be acquired from equations (3) 
and (4). When the final absolute phase is scaled into the same 
range [0, 2π), the phase error variance can be stated as [39].

σ2
Φ =

2σ2

NSf 2B2 . (6)

Here, σ is the variance of a Gaussian distributed additive noise. 
NS is the phase shifting step number, f  is the fringe frequency, 
indicating the fringe density, and B is the fringe modulation. 
Since the phase shifts are confirmed, to acquire a higher phase 
accuracy, we should use patterns with a higher frequency ( f ). 
However, when the fringe frequency is too large, the phase 

unwrapping will become unstable because of the inherent 
noise of other types of error source in the recovered wrapped 
phase, which limits the success rate of phase unwrapping. So 
it is necessary to study methods that can unwrap the phase 
map of denser fringes with limited fringe patterns.

3. Phase stereo-matching based on geometric 
constraint

A 3D reconstruction is realized based on a well-calibrated 
multi-view fringe projection setup. In a dual-view setup, as 
shown in figure 2, the task is to find the matching pixel pairs 
of the two cameras and then reconstruct the 3D data based on 
the calibrated parameters of the system which is composed of 
two telecentric cameras and a digital projector. A point P in 
the world coordinates system is imaged on the point p based 
on the telecentric camera imaging model as [40]

[
p
1

]
= A

[
R2×3 t2×1

01×3 1

][
P
1

]
= H

[
P
1

]
, (7)

where R  is the rotation matrix and t is the translation vector. 
H is the homography matrix, which transforms the world 
coordinates of objects into their corresponding image coordi-
nate. A is the intrinsic matrix of the telecentric camera with m 
being the effective magnification of the lens and (u0, v0) the 
image coordinate of the optical center:

A =




m 0 u0

0 m v0

0 0 1


 . (8)

The method used to calibrate the system refers to our 
proposed method [40]. If a possible matched pixel pair is 
determined, we can obtain four equations based on the two 
camera imaging models, as stated by equation (7). By solving 
the equations, P, which contains the 3D data can be calcu-
lated. In order to check the correctness of the pixel pair, we 
can see if the reconstructed depth or the lateral position is in 

Figure 2. (a) Experimental system; (b) simplified structure model of the system.
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a reasonable measurement volume. To obtain high-accuracy 
matched pixel pairs, we try to use the retrieved phase from 
dense fringes to help realize the sub-pixel stereo-matching of 
the two telecentric cameras.

Since the fringe frequency cannot be very high when only 
using two of them in a hierarchical algorithm, we propose a 
method that divides the phase space into multiple sub-areas 
so that it can be at least several times larger. To legitimately 
design the size of the sub-area, we need to consider specific 
parameters of the system, like the depth of view, fringe pattern 
resolution, fringe contrast, system arrangement, etc. Studies 
have shown that the measurement error is proportional to the 
square of the fringe period [39], so the first step is to find the 
optimum fringe frequency fopt of the system by continuously 
changing λh and check the value of σ2

Φ in equation (6) [46]. 
To determine λl, we need to consider two aspects. As shown 

in figure 3, we simulate a situation in which the measurable 
depth and the correct rate of phase unwrapping are the two 
variables examined. Assume λh is a constant variable that 
equals 24 pixels. Gaussian white noise is added to the fringe 
images, and the system structure uses the calibrated param-
eters of our setup, as shown in figure 2.

On the one hand, to obtain an acceptable correct rate of 
phase unwrapping that is larger than 99%, λl should be 
smaller than a threshold, which corresponds to the red region 
in figure  3. On the other hand, the smaller λl is, the more 
sub-areas there will be. When more sub-areas divide the 
phase space, there will be more stereo-matching candidates, 
which limits the measurable depth range. The threshold of the 
measurable depth here is set as 5 mm, and that is to say λl 
should also be larger than the threshold, which corresponds 
to the green region in figure  3. Therefore, there will be an 

Figure 3. Variation of the measurable depth and correct rate of phase unwrapping as λl increases when λh = 24 pixels.

Figure 4. The comparison result using the traditional method and our proposed method. (a) The wrapped phase distribution with λh = 96; 
(b) the wrapped phase distribution with λh = 24; (c) and (d) the captured three phase shifting fringe images with λh = 96 and λh = 24, 
respectively; (e) and (f) reconstructed 3D data of the ceramic plane with λh = 96 and λh = 24, respectively.
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overlapping blue region in which λl satisfies both conditions, 
as shown in figure 3.

In our system, the resolution of the projector in the hori-
zontal direction is 912 and the optimum fringe period λh is 
found as 24 pixels. λl is determined as 240 pixels, and thus 
λl/λh is exactly the integer 10. If for a particular system there 
is no overlapping blue region in figure 3, then we can lower the 
optimal frequency ( fopt). In this way, the phase unwrapping 
success rate can be improved because λl/λh is smaller, and 
then the red region in figure 3 will be larger. The red and green 
areas will however overlap and λl can be selected to finally 
obtain a complete measurement. Figure 4 shows a comparison 
result using a traditional method and our proposed method to 
measure a ceramic plane. By using the traditional hierarchical 
phase unwrapping method with λl = 912 and λh = 96, the 
ultimate fringe number is less than 10, as shown in figure 4(a). 

By dividing the phase space into four sub-areas, as shown in 
figure 4(b), the ultimate phase space will be four times larger. 
In each sub-area (covered using different colors in figure 4(b)), 
the phase is unwrapped by the hierarchical temporal phase 
unwrapping algorithm. The measured 3D results from both 
methods are as shown in figures 4(e) and (f). As we can see, by 
enlarging the fringe frequency, the error distribution is much 
smaller than that in figure 4(e). The corresponding standard 
deviations of the measured data in figures 4(e) and (f) are 11.2 
µm and 6.95 µm, respectively.

Compared with our previously proposed method [38], 
which conducts a geometric constraint with the phase calcu-
lated from fringe images with a lower frequency, the method 
proposed in this paper first unwraps the phase in each sub-
area and conducts a geometric constraint with the phase cal-
culated from fringe images with a higher frequency. As we 

Figure 5. The flowchart of the proposed dynamic 3D measurement method.
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know, a higher frequency fringe gives a better phase accuracy, 
and thus the geometric constraint should be used after phase 
unwrapping. Another difference between these two methods 
is that the calibration of our method does not involve pro-
jector calibration, so a left-right consistency check process is 
applied to increase the accuracy of the phase stereo-matching.

To make the proposed method more understandable, we pro-
vide a flowchart containing the whole process of the method, 
as shown in figure  5. Step 1 is the phase calculation from 
using five fringe patterns, from which two ‘unwrapped’ phase 
maps corresponding to the left and right camera respectively 
are obtained. Step 2 is the stereo-matching process; for every 
primary pixel on the left camera, there will be four theor etical 
candidates on the right camera whose phase values are close 
to the phase value on the primary pixel. The measurement 

range of each pixel on the left camera has been pre-defined 
so that the correct matched point can be selected with the help 
of geometric constraints. Once the phase matching from the 
left camera to the right camera is finished, the same phase 
matching process from the right camera to the left camera 
is also performed to ensure the left-right consistency. After 
the stereo-matching process, we can obtain the disparity map 
between two telecentric cameras. Step 3 is to reconstruct the 
3D point cloud data based on the calibrated parameters of the 
dual-view system.

It should be noted that in the intersection of two neigh-
boring sub-areas, the phase jump from 2π to 0 (π to −π) will 
affect the phase matching. When dealing with the phase candi-
date searching near the phase jumping areas, the correct phase 
matched point may be on the other side of the intersection due 

Figure 6. A 3D reconstruction of the centers of the markers on the calibration board: (a) and (b) the rectified image pair of the calibration 
board; (c) the 3D distribution of the reconstructed centres of the markers with the depth color-coded.

Figure 7. The measured sample. (a) The red rectangular mark is the tested surface which bends when heated. The pressure conducting 
component, which is supposed to be at the green rectangular mark is taken away; (b) the six measured positions marked with different 
colors.
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to the noise perturbation. So the jumped phase amount (2π) 
needs to be compensated for the phase matching, and if the 
phase-compensated point has a closer matched phase value, 
the matching point should be replaced by the compensated 
one.

4. Experiment and discussion

To test the performance of the proposed method, we con-
ducted two experiments. The first experiment is a static 3D 
measurement of the calibration board as shown in figure  6. 
The absolute 3D position of the centers of the markers on 
the calibration board is measured to verify the reconstruction 
accuracy. Figures 6(a) and (b) are the rectified image pair of 
the averaged intensity of the target. The pixel coordinates of 
the centres can be extracted and their absolute 3D distributions 
are reconstructed as presented in figure 6(c), with their depths 
being color-coded. The distance between two neighboring cen-
ters is calculated by d = ‖(x1, y1, z1)− (x2, y2, z2)‖2, where d 
is the distance between two points: (x1, y1, z1) and (x2, y2, z2) in 
space. There are 90 pairs of neighboring centers in the X direc-
tion and 88 pairs in the Y direction. The calculated distances 

between the reconstructed centers have a mathematical expec-
tation of 0.6497 mm and an RMSE of 0.0010 mm, which is 
pretty close to the standard data (0.65 mm, 0.0015 mm) of the 
calibration board.

To quantitatively measure the thermally induced deforma-
tion of a heat sensing material, we used the proposed method 
to obtain dynamic 3D information of the sample under dif-
ferent heating temperatures. The sample is as shown in 
figure 7(a). When heated to a certain temperature, the red rec-
tangular mark in figure 7(a) bends its body downwards and 
generates a force in its normal direction at the far end of the 
surface. Based on this deformation, a metal contact is con-
nected or disconnected according to the amount of bending, 
and thus the electric circuit can be controlled depending on 
the temperature changes.

In our experiments, the temperature is controlled by a heat 
air gun which can provide an accurate heating temperature 
from 100 °C to 500 °C. We set the temperature at three dif-
ferent levels, 150 °C, 300 °C, and 450 °C, respectively. The 
height changes of the six points shown in figure 7(b) under 
three different temperatures are measured. The recording 
speed of the camera is 100 frames per second, and in total 
10 seconds of data is recorded for each temperature. Figure 8 

Figure 8. (a)–(c) The depth information of the six marked points in figure 7(b) against time at 150 °C, 300 °C and 450 °C, respectively.

Figure 9. The dynamic absolute 3D measurement of the thermally induced deformation. (a)–(c) The 3D point cloud of the sample at 0 s, 5 
s and 10 s, respectively, when heated by 150 °C; (d)–(f) the 3D point cloud of the sample at 0 s, 5 s and 10 s, respectively, when heated by 
300 °C; (g)–(i) the 3D point cloud of the sample at 0 s, 5 s and 10 s, respectively, when heated by 450 °C.
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shows the measured depth information of the six points 
against time. It is color-coded for the six different points, and 
the depth changing curves have the same color, as used in both 
figure 7(b) and figure 8. When the temperature is 150 °C, the 
metal contact is not active, even though the sample has bent a 
little bit. When we provide a higher temperature of 300 °C, the 
metal contact is still inactive since the temperature threshold 
of the device is 440 °C. However, the bending amount is larger 
than that when the temperature is 150 °C. The metal contact 
becomes active at last when we set the temperature to 450 °C. 
From figure 8(c), we can see that the bending amount is quite 
a lot larger than that under the other two conditions. Because 
the recording time of the three measurements is not strictly 
aligned, the time starting points of figures  8(a)–(c) are not 
exactly the same.

In order to observe the deformation more clearly, we 
conducted the dynamic absolute 3D measurement of the 
sample. Part of the measured results is shown in figure  9. 
Figures 9(a)–(c) are the 3D point cloud of the sample at 0 s, 5 
s and 10 s, respectively, when the sample is heated by 150 °C. 
Figures 9(d)–(f) are the 3D point cloud of the sample at 0 s, 5 
s and 10 s, respectively, when heated by 300 °C. Figures 9(g)–
(i) are the 3D point clouds of the sample at 0 s, 5 s and 10 s, 
respectively, when heated by 450 °C. The dynamic deforma-
tion process of the sample under different temperatures can be 
found in the supplementary media (visualization 1) (stacks.
iop.org/MST/30/125007/mmedia).

5. Conclusion

In this paper, we proposed a stereo phase matching method 
that takes advantage of the high accuracy of denser fringes 
and the high efficiency of using only two different fringe fre-
quencies based on an easily calibrated microscopic telecentric 
stereo vision system. By dividing the phase space into sev-
eral sub-areas, the computational complexity for the localiza-
tion of the matching candidates using a geometric constraint 
can be significantly reduced. The fringe density can be much 
higher than that in traditional methods based on hierarchical 
temporal phase unwrapping, and higher measurement preci-
sion can be achieved by using the same number of fringe pat-
terns as the traditional method without involving the projector 
calibration.

The experimental results show that our proposed method 
can measure thermally induced shape deformation with high 
speed and high accuracy based on a microscopic telecentric 
stereo vision system, achieving a nonambiguous 3D shape 
measurement speed of 20 frames per second.
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